CHARACTERIZATION OF THE ANDERSON 
METAL-INSULATOR TRANSITION FOR NON ERGODIC 
OPERATORS AND APPLICATION 
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Abstract. We study the Anderson metal-insulator transition for non ergodic 
random Schrdinger operators in both annealed and quenched regimes, based 
on a dynamical approach of localization, improving known results for ergodic 
operators into this more general setting. In the procedure, we reformulate the 
Bootstrap Multiscale Analysis of Germinet and Klein to fit the non ergodic 
setting. We obtain uniform Wegner Estimates needed to perform this adapted 
Multiscale Analysis in the case of Delone-Anderson type potentials, that is, 
Anderson potentials modeling aperiodic solids, where the impurities lie on a 
Delone set rather than a lattice, yielding a break of ergodicity. As an appli- 
cation we study the Landau operator with a Delone-Anderson potential and 
show the existence of a mobility edge between regions of dynamical localization 
and dynamical derealization. 



Contents 

1. Introduction [1] 

2. Main results 

3. Proof of Theorem O 

3.1. Generalized eigenfunction expansion [8] 

3.2. Kernel Decay and Dynamical Localization [TU] 

4. Proofs of Theorems E2] and ES US] 

5. Uniform Wegner estimates for Delone-Anderson type potentials 

6. Applications to non ergodic random Landau operators [55] 

6.1. The model [25] 

6.2. Dynamical localization in Landau bands [27] 

6.3. Dynamical delocalization in Landau bands [301 

6.4. Almost sure existence of spectrum near band edges EH 
References [35] 



1. Introduction 

Under the effect of a random pcrtubation, the spectrum of an ergodic Schrodinger 
operator is expected to undergo a transition where we can identify two distinct 
regimes: the insulator region, characterized by localized states and the metallic 
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region, characterized by extended states. The passage from one to the other under 
a certain disorder regime is known as the Anderson metal-insulator transition. Al- 
though a precise spectral description of this phenomena is still out of reach, this 
transition is better characterized in terms of its dynamical properties. Germinet 
and Klein tackled this problem in |GK3j by introducing a local transport exponent 
/3(E) to measure the spreading of a wave packet initially localized in space and in 
energy evolving under the effect of the random operator. This provides a proper 
dynamical characterization of the metal-insulator transition, and the mobility edge, 
i.e. the energy where the transition occurs, is shown to be a discontinuity point of 
P(E). 

Since ergodicity is a basic feature in the theory of random Schrodinger opera- 
tors, Germinet and Klein's work was done in that framework. However, more real 
models may lack this fundamental property, examples of this kind of systems are 
Schrodinger operators with Anderson-type potentials where the random variables 
are not i.i.d. or where impurities are located in aperiodic discrete sets. The first 
case (sparse models, decaying randomness, surfacic potentials) has been studied in 
BKSJ, [BdMSSj . |KVj . [S], while the second case (Delone- Anderson type poten- 
tials) has been treated in [BdMNSS . In the deterministic case, Delone operators 
have been studied with a dynamical systems appproach in |KLSj and [MR] . 

We aim to study the Anderson metal-insulator characterization in a general non 
ergodic setting, with minimal requirements on the model to fit the dynamical char- 
acterization of localization/delocalization using the local transport exponent /3(E), 
extending the results of |GK3j to the non ergodic models mentioned above. The 
main tool in the study of the transport transition is the Multiscale Analysis (MSA), 
initially developped by Frolich and Spencer |FrS] , it has been improved over the last 
three decades to its strongest version so far, the Bootstrap MSA by Germinet and 
Klein |GKlj . The Bootstrap MSA yields among other features strong dynamical 
localization in the Hilbert-Schmidt norm, and so it can be used to characterize the 
set of energies where the transport exponent is zero, that is associated to dynami- 
cally localized states |GK3j . but since it was originally developped in the frame of 
ergodic operators it is not suitable when there is lack of ergodicity, so we adapt 
it to our model. What completes the dynamical characterization is the fact that, 
in the ergodic case, slow transport in average over the randomness, the so-called 
annealed regime, implies dynamical localization. This holds in our new setting and, 
moreover, this can be improved and it can be shown that it is enough to have slow 
transport with a good probability, that is, in a quenched regime, to obtain dy- 
namical localization, so in both quenched and annealed regimes the metal-insulator 
transition can be characterized in an analog way. There are examples related to 
the Parabolic Anderson model where the behavior of the solution in both regimes 
differ from each other and this can depend on the density of the random variables 
[GaKoj . 

We obtain uniform Wegner estimates nedeed for the adapted version of the Boot- 
strap MSA for both the Laplacian and the Landau operator with Delone- Anderson 
potentials, that is, Anderson potentials where the impurities are placed in an a 
priori aperiodic set, called a Delone set. It is known that a way to obtain Wegner 
estimate is to "lift" the spectrum by considering the random Hamiltonian as a neg- 
ative perturbation of a periodic Hamiltonian whose spectrum starts above a certain 
energy above the bottom of the spectrum of the original free Hamiltonian (called 
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fluctuation boundary). In this way the Wegner estimate is obtained "outside" the 
spectrum of the periodic operator, as in [BdMLSj . We stress the fact that this 
approach is not convenient in our case since we have no information on where the 
fluctuation boundary lies. On the other hand, |CHK| and |CHK2j take a differ- 
ent approach by using a unique continuation property to prove Wegner estimates 
without a covering condition on the single-site potential, and not using fluctuation 
boundaries. The results in |CHK| rely strongly on the periodicity of the lattice and 
the use of Floquet theory, which, again, cannot be used in our model since our set 
of impurities is aperiodic. However, this was improved in CHKRj to obtain a pos- 
itivity estimate for the Landau Hamiltonian that does not rely on Floquet theory, 
which makes it convenient for our setting. In the case of the free Laplacian (see [Gj ) 
we use a spatial averaging method as in GKH , [BoK to prove the required posi- 
tivity estimate, thus bypassing the use of Floquet theory. As a result we obtain a 
uniform Wegner estimate at the bottom of the spectrum in an interval whose lenght 
depends only on the Delone set parameters and not in the disorder parameter A. 
We also obtain Wegner estimates in the case where the background hamiltonian 
is either periodic or the Landau operator. For the latter, and as an application 
of the main results, we can show the existence of a metal-insulator transition, as 
expected from the ergodic case [GKSj . Since the lattice is a particular case of a 
Delone set, these results imply in particular those of the ergodic setting. By the 
lack of ergodicity we cannot make use of the Integrated Density of States to prove 
the existence of a non random spectrum for H u , nor use the characterization of the 
spectrum in terms of the spectra of periodic operators as done in |GKS2j to locate 
the spectrum in the Landau band. Therefore, to show our results are not empty we 
need to prove that we can almost surely find spectrum near the band edges, which 
is done adapting an argument in [CHI Appendix B] in a not necesarily perturbative 
regime of the disorder parameter A. We stress that we consider a general Delone 
set and do not assume any geometric property, like repetitivity or finite local com- 
plexity. These features, however, might be needed for further results, for example, 
related to the Integrated Density of States (see [MR], |LS3j . |LV] 1. 

The present note is organized as follows: in Section 2 we adapt the Bootstrap 
MSA to fit our new setting. In Section 3 we prove the results on the dynamics 
in both annealed and quenched regimes. In Section 4 we prove uniform Wegner 
estimates for Delone- Anderson random Schrodinger operators. In Section 5, in the 
lines of |GKS] we proof the existence of a metal-insulator transition for a Landau 
Hamiltonian with a Delone-Anderson potential and the existence of alsmot sure 
spectrum near the band edges, that has non empty intersection with the localization 
region. 

2. Main results 

For x £ W 1 we denote by the usual euclidean norm while the supremum 
norm is defined as {x]^ = max \xi\, where |-| stands for absolute value. 



Given x £ K d and L > we denote by B(x, L) the ball of center x and radius L 
in the || • |j-norm, while the set 



Ki<d 
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defines the cube of side L centered at x, also denoted as A Xi £ . We denote the volume 
of a Borel set A C M. d with respect to the Lebesgue measure as |A| = J Rd XA(x)d d x, 
where \A is the characteristic function of the set A. We will often write Xx,l for 
Xa l (x) and denote by or ||/|| Al ,(x) tnc norm of / in L 2 (A Xi£ ). 

We denote by C^°(A) the vector space of real- valued infinitely differentiable func- 
tions with compact support contained in A, with C£° + (A) being the subclass of 
nonnegative functions. 

We denote by B(H) the Banach space of bounded linear operators on the Hilbert 
space T-L. For a closed, densely defined operator A with adjoint A*, we denote its 
domain by V(A) C L 2 (A) and by p|| = sup{||A0||; ||0|| 2 = 1} its (uniform) 
norm if bounded. We define its absolute value by \A\ = V 'A* A and, for p > 1, we 
define its (Schattcn) p-norm in the Banach space j7p(L 2 (A)) as \\A\\ p = (tr|A| p ) 1 / p . 
In particular, J\ is the space of trace-class operators and J%, the space of Hilbert- 
Schmidt operators. We write (x) = + ||a;|| 2 ) and use (X) to denote the operator 
given by multiplication by the function (x) . 

For convenience we denote a constant C depending only on the parameters a,b,... 
by C aA .... 

We consider a random Schddinger operator of the form 

H U = H + XV U onL 2 (K), (2.1) 
where H is the free Hamiltonian, A measures the disorder strength which in the 
following wc consider fix, and V u , called random potential, is the operator multipli- 
cation by V u , such that {Kj(x) : x € R d } is a real- valued measurable process on a 
complete probability space (ft, T, P) having the following properties: 

(R) V u = + V~, where and V~ are real valued measurable processes 
on n such that for P-a.c. uj : < V+ e L i 1 oc (R d ) and V~ is relatively 
form-bounded with respect to —A, with relative bound < 1, i.e. there are 
nonegative constants 9i < 1 and 9 2 independent of w such that for all 
tp G f(V) we have 

I (V, V~i>) | < OiH V^H 2 + 2 |H| 2 for P-a.e. u 

(IAD) There exists g > such that for any bounded sets i?i,i?2 C M d with 
dist(i?i, B 2 )> g, the processes {V u {x) : x e Bi} and {V u (x) : x € B 2 } are 
independent. 

In the case H = H B , the unperturbed Landau Hamiltonian on L 2 (R 2 ) 

H B = (-iV-A) 2 with A= ^(x 2 ,-x 1 ), (2.2) 

where A is the vector potential and B is the strength of the magnetic field, we ask 
A(x) <G Lf oc (R 2 ; M 2 ) to satisfy the diamagnetic inequality so we can obtain trace 
estimates for the Landau Hamiltonian from those of the Laplacian. 

It follows that Hu is a semibounded selfadjoint operator for P-a.e. uj. Moreover, 
the mapping u> — > H u is measurable for P-a.e. ui, we denote its spectrum by cr u . 

In the usual setting for (ergodic) random Hamiltonians, H u satisfies a covariance 
condition with respect to the action of a family of unitary (translation) operators 
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U x , and its associated ergodic group of translations r x on the probability space ft. 
Throughout this paper we do not make any assumption on the ergodicity of H u , 
so this covariance condition, a priori, does not hold , i.e. 

#r 7 (w) 7^ U 1 H U] U* 1 (2.3) 
which makes a non-ergodic random operator. 

For the following assumption we need the notion of a finite volume operator, the 
restriction of H u to either an open box A L (x) with Dirichlet boundary condition or 
to the closed box A^(x) with periodic boundary conditions. In this way, we obtain 
a well defined random operator i? w ,x,L acting on L 2 (Al(x)) defined by 

we denote its spectrum by ct u , Xi l an d by R u ,x,l(z) — {H u , x ,l — Z )~ X its resolvent 
operator. We define the spectral projections P U (J) = Xj{Hu) and P u , x ,l{J) = 
Xj(^w,i,l) for J C t a Borel set. When stressing the dependence on A, it will be 
added to the subscript. 

Definition 1. 

(UWE) We say that H u satisfies a uniform Wegner estimate with Holder exponent 
s in an open interval J, i.e., for every E £ J there exists a constant Qe, 
bounded on compact subintervals of J and < s < 1 such that 

sup E{tr(P^ x , L (E -n,E + V )}< Q EV s L d , (2.4) 

x£R d 

for all r\ > and L £ 2N. It satisfies a uniform Wegner estimate at an 
energy E if it satisfies a uniform Wegner estimate in an open interval J 
such that E e J. 

To describe the dynamics, we consider the random moment of order p > at time 
t for the time evolution in the Hilbcrt-Schmidt norm, initially spatially localized 
in a square of side one around u € Z 2 and localized in energy by the function 
X e C~ + (R), i.e., 

M u ^(p,X,t) = \\(X-u)^ 2 e- itH -X(H u )xu\\l (2.5) 

We next consider its time average, 

2 f°° 

M UiU (p,X,T) = -J e~ 2t ' T M u ^(p,X,t)dt. (2.6) 

Definition 2. 

1. We say that H u exhibits strong Hilbcrt-Schmidt (HS-) dynamical localiza- 
tion in the open interval / if for all X £ C%° + (I) we have 

sup E{sup M„ iW (p, X, t)} < oo for all p > 0. 

mgz 2 tent 
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We say that H u exhibits strong Hilbert-Schmidt (HS-) dynamical localiza- 
tion at an energy E if there exists an open interval I with E G /, such that 
there is strong HS-dynamical localization in the open interval. 

2. The strong insulator region for H u is defined as 

Eg/ = {E G E : H u exhibits strong HS-dynamical localization at E} (2.7) 

Note that if there exists a S > such that dist(i?, tr w ) > for almost every 
(j, then E G 



As we shall see, the existence of such a region for random Schrodinger operators 
is the consequence of the applicability of the Bootstrap MSA adapted to the non 



ergodic setting (Theorem 2.1) 



Given 9 > 0, E e E, x e 1 d and L G 6N, we say that the box A^(x) is 
(9, E)-suitable for H u if E ^ cr UtX< L and 

llr^iiiu.x^^Xx.L/slU.z- < 

where T^x, = Xa l _ 1 ( i )\a i ,_ 3 (i)- If we replace the polynomial decay l/L e by e ~ mL / 2 
we say that the box Al(x) is (m, E) -regular for i/^. 

The following theorem is a reformulation of Theorem 3.4 and Corollary 3.10 
jGKlj in a non ergodic setting, 

Theorem 2.1. Let H u be a random Schrodinger operator satisfying a uniform 
Wegner estimate in an open interval J with Holder exponent s and assumptions 
(R), (IAD). Given 6 > d, for each E G J there exists a finite scale Cg(E) = 
C(6,E,QE,d,s), bounded in compact subintervals of J , such that if for C > £e(E) 
the following holds 

infP{A £ (a:) is (6,E)-smtable} > 1 - (2.8) 
then there exists Sq > and > such that 



su P E( sup \\x x +uf(H u )P u (I(8 )) Xu \i] <CceT |x|C , 

"£Z d \II/II<1 / 



(2.9) 



for < £ < 1, where I(6o) = [E — Sq, E + Sq] . Moreover, E G S5/ and we have the 
following properties, 

(SUDEC) Summable uniform decay of eigen] 'unction correlations: for a.e. uj G £1, the 
Hamiltonian H u has pure point spectrum in I C Eg/ with finite multiplicity. 
Let {e Jl LJ }„ e pj be an enumeration of the distinct eigenvalues of in I. 
Then for each Q g]0, 1[ and e > we have, for every x, u G Z d , 

\\x x+ u4>\\ \\xM\ < Cixw \\ T u Vll 1117 VII (x + u)^ {u)^e-\ x \\ (2.10) 
for all 4>,ip G i&TO -P w ({ e n,w}) (see iSeciionJ^. 
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(DFP) Decay of the Fermi projections: for E G £sj and for any £ s]0, 1[ we have 



|!}<<V -- |a|< 

where the constant C^^e is locally bounded in E. 



sup E{\\x x+ uPA(-™,E})xu\\l} < C CXE e~\ x \ (2.11) 



Remark 2.1. The condition (2.8) is called the initial length scale estimate (ILSE) 
of the Bootstrap MSA. In practice is often useful to prove the equivalent estimate 
|GK3[ Theorem 4.2]; For some 9 > d, we have 

limsup inf P{A £ (a;) is (6, £)-suitable} = 1. (2.12) 

L-s-oo x£Z, d 

Definition 3. The multiscale analysis region for H u is defined as the set of energies 
where we can perform the bootstrap MSA, i.e. 

^msa ={E G R : H w satisfies a uniform Wegner estimate at E and 

(ILSE) holds for some C > C g {E)} (2.13) 
By Theorem |2.1[ we have Ems A C Sg/. 



We introduce the (lower) transport exponent in the annealed regime: 

log + supE(M u , u (p,X,T)) 
(3(p, X) = liminf « — — (2.14) 

T-i-oo p log 1 

for p > 0, X 6 Cj?j_(R), where log + t — max{0,logt}, and define the p-th local 
transport exponent at the energy E, by 

[3{p,E)=mf sup P(p,X), (2.15) 

where I denotes an open interval. The exponents f3(p, E) provide a measure of the 
rate of transport in wave packets with spectral support near E. Since they are 
increasing in p, we define the local (lower) transport exponent (3(E) by 

(3(E) = lim (3(p,E) = sup (3{p,E). (2.16) 

p->oo p>0 

With the help of this transport rate we can define two complementary sets in 
the energy axis for fixed B > 0, A > 0, the region of dynamical localization 

E DL = {E e K : (3(E) = 0}, (2.17) 

also called the trivial transport region (TT) in |GK3j and the region of dynamical 
derealization 

E DD = {E e R : (3(E) > 0}, (2.18) 
also called the weak metallic transport region (WMT) , in |GK3| . Recalling Theorem 



2T]we have that T, M sa C Ss/ C S dl . 

The following result is an improvement of |GK3[ Theorem 2.11] for the non 
ergodic setting 
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Theorem 2.2. Let H u be a Schrddinger operator satisfying a uniform Wegner 
estimate with Holder exponent s in an open interval J and assumptions (R), (IAD). 
Let X € C%°i (M) with X = 1 on some open interval J C J , a > and p > 
p(a,s) := 12f + 2af If 



liminf sup — -E (M u , u (j>, X, T)) < oo, 



(2.19) 



then J C -fri particular, it follows that ( 2.19\ holds for any p > 0. 

Moreover, we can extend this result to a quenched regime, a new feature in both 
ergodic and non-ergodic situations: 



Theorem 2.3. Let H u be a Schrddinger operator satisfying a uniform Wegner 
estimate with Holder exponent s in an open interval J and assumptions (R), (IAD). 
Let X £ C^_(R) with X = 1 on some open interval J C J , a > and p > 
p(a,s) := 15f +2af If 



liminf sup T^¥{M u ^(p, X,T) > T a ) = 0, 



(2.20) 



then J C Tims A- In particular, it follows that (2.20j) holds for any p > 



Remark 2.2. If the moment increases almost surely at any other rate less than 
polynomial, this implies in particular condition $2.20 ) for some a > 0, and the 
result follows. 

Moreover, if condition (2.28) in jGK3l Theorem 2.11] holds for a > and 
p > p(a, s) + d, then condition (2.20) holds for a' = a + S and the same p, where 
0<s/2<5< s(p '^°- s)) and p > p(a' , s), since by Chebyshev's inequality we have 



T^supP(M u ,UP,X,T)>T a ) < 



rra+s-s/2 supE(.M u ,„(p, T)) for allT>0. 

(2-21) 



This also shows that (2.20) is indeed a weaker condition than (2.19\ 



By Theorem 



2.2 



we have that E DL C Sa/sa, so Theorems 2.8 and 2.10 of [GK3 
hold in our setting. Thus, the local transport exponent /3(E) gives a character- 
ization of the metal-insulator transport transition for non ergodic models as for 
the usual ergodic setting. Moreover, if we consider only the random moments in a 
quenched regime to behave asymptotically slow, we see the same behavior for the 
ergodic and non ergodic setting, in agreement with the annealed regime. 



3. Proof of Theorem 12.11 

3.1. Generalized eigenfunction expansion. We have to construct a generalized 
cigenfunction expansion adapted to the non ergodic case. Compared to [GK3i Sec- 
tion 2.3] we shall use a family of weighted spaces rather than just one in particular, 
using translations in u £ Z 2 of the operator T defined there and thus without using 
translation invariance in the proofs. 

Let T u be the operator in H given by multiplication by the function (l + |x— u\ 2 ) u , 
where v > d/4, u € 1? . We define the weighted spaces H±. as 
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HI = L 2 (R d , (l + \x- u\ 2 ) ±2v dx- C). (3.1) 
The sequilinear form 

02)w-,w- = J Afo{x)dx for 0i g H\ , <f>2 g ?^ 

makes and conjugates dual to each other and we denote by f the conjugation 
with respect to this duality. The natural injections : — > "H and Wt 
are continuous with dense range, with (i,™)t = The operators T„ !+ : ~K\ -> "H 
and TV :U^U U _ defined by T u ,+ = T u t^, T u ._ = t^T u on £>(T U ') are unitary 
with T tt _ = 7^ j+ . Note that 

\\Xx,l\\u,hi = \\x*Ah*,h < ^,^(1 + \x- u\ 2 ) v , (3.2) 

for all x £ R d and L > 0. 

With this redefinition we can follow |GK1) . restating assumption GEE for non 
ergodic operators. We consider a fixed open interval X and we recall that P U (J) — 
Xj(Huj) is the spectral projection of the operator on a Borel set JcR. 

(UGEE) For some v > d/A, the set = j> G V{H U ) n U\ : € } is 

dense in T-L+ and an operator core for H u for P— a.e. u) and all u. There exists a 
bounded function f , strictly positive on the spectrum of such that, } 

sup tt n (T- 1 /( J ff w )P w (J)T- 1 ) < co, (3.3) 

u 

for P— a.e. to. 

If UGEE holds, for almost every u> and all u we have 

\x n (T- l Pu{JtM)T- x ) < oo, (3.4) 
for all bounded sets J. Thus with probability one, for all u 

Vu,M) = tr« (T^P^JnljT; 1 ) (3.5) 
is a spectral measure for the restriction of to the Hilbert space P UJ (I)'H, and 
for every bounded set J, 

(J) < oo. (3.6) 
Then, we have a generalized eigenfunction expansion as in GKl] Section 2]: 
for every u, there exists a ^ UjW -locally integrable function P M . LJ (A) from K into 
TiiT-L+^Wt), the space of trace class operators from H'l to with 



and 



such that 



P„, w (A) = P UlW (A)t (3.7) 
tr w (T"iP u>w (A)T-^ = 1 for ^-a.e. A, (3.8) 



L u _P u {Jf\l)i\ = J ~P UiU {\)dfi UiU {\) for bounded Borel sets J (3.9) 
where the integral is the Bochner integral of T\(JVi_ valued functions. 
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The following (a restatement of assumption SGEE), is a stronger version of 
UGEE: 

(USGEE) We have that (UGEE) holds with 

supE ([tr w (T-ifiH^P^TjT- 1 )} 2 ) < oo. (3.10) 

U 

So for every bounded set J, 

supEO^J) 2 ) < oo. (3.11) 

u 

3.2. Kernel Decay and Dynamical Localization. Following the arguments in 
[GKlj for ergodic operators, we can show that HS-strong dynamical localization is a 
consequence of the applicability of the Bootstrap MSA for the non ergodic setting 
( GK1, Theorem 3.4] with the stronger initial ILSE (2.8) instead of the original 
one). 

We can restate Lemma 2.5 and Lemma 4.1 |GKlj as follows, extending the proofs 
to our new definitions, 

Lemma 3.1. Let be a random operator satisfying assumption GEE. We have 
with probability one, for all u, that for ^, UyU -almost every \, 

||XxP«,a,(A)xJi < C(l + \x- u\ 2 ni + \y- u\ 2 r (3.12) 

for all x, y £ M. d , with C a finite constant independent of A, uj and u. 

Suppose, moreover, that assumption EDI in [GKlj is satisfied in some compact 
interval Io C X. Given I C Io, m > 0, L € 6N and x, y & Z d , if uj £ R(m, L, I, x, y), 
with R(m, L, I,x,y) defined as in (3.18), then 

||x»Pu, w (A)x v ||2 < Ce- mL /\l + \x- u\ 2 r(l + \y- u\ 2 y , (3.13) 

for [M u u) -almost all A € /, with C = C(rn, d, v, 7/ ), where jj is the constant on 
assumption EDI. 



Proof of Theorem 2. 1 To apply the MSA in the non ergodic case we first need 
to verify for an operator satisfying only properties (R), (IAD) and (UWE), the 
standard assumptions (SLI), (EDI) (GET], plus (UNE) and (USGEE), which are 
stronger assumptions than those stated in the mentioned article. 

As for (SLI) and (EDI), these are deterministic assumptions that hold for each 
lu G f2 and their proof, done in (GK3, Appendix A], relies on property (R), with no 
use of ergodicity. In the same appendix we see that assumption (NE) is uniform on 
cubes centered in x € R d and relies on property (R) so it holds in our more general 
setting. The same is true for |GK3l Lemma A. 3], and can be extended in an analog 
way to the case H = H B |BGKS( Section 2.1], proving the first part of (USGEE) 
(and (UGEE)). ' 

As for the trace estimate ( 3.10| ) , for the case Hq = — A it follows from |GK3[ 
Lemma A. 4] and |KKS1 Theorem 1.1], taking V = (X — u)^ 21 ' there, the result being 
uniform in u. It can be extended to the case Hq = Hb as in [BGKS1 Proposition 
2.1]. 

To obtain the basic result of MSA GK1 . Theorem 3.4] we need conditions (IAD), 
(SLI), (UNE) and (UWE) to follow an analog iteration procedure. Recall that in 
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their article, Germinet and Klein take two versions of MSA by Figotin and Klein, 
improve their estimates yielding other two MSA and then bootstrapping them to 
obtain the strongest result out of the weakest hypothesis, so in order to extend this 
results to the non ergodic setting we reformulate this methods. Each step consists 
of a purely geometric deterministic part where we use SLI, and therefore it does 
not depend on the placement of the boxes were we perform the procedure, and a 
probabilistic part, where we use (UWE) instead of (WE) to obtain an estimate on 
the probability of having bad events, in a stronger sense than the usual, that is, 
uniform with respect to the placement of the box in space. 

We begin with the single energy multiscale analyses, Theorems 5.1 and 5.6 [GKlj . 
which in our non-ergodic setting consists in estimating the decay of 

Pl = sup p XjL , (3-14) 

where 

■p x ,t = P{A L (a;) is bad} (3.15) 

(here a box is bad if it is not (9, E)-suitable for H u ). In the ergodic case we need 



only to consider po l- Hypothesis (2.8) ensures we can follow the same iteration 
procedure in all boxes centered in x £ Z d , where po,L is thus replaced by pl- We 
use properties SLI and (UWE) instead of WE, and the deterministic arguments 
remain the same, since they do not depend on the location of the box. Considering 
a Holder exponent s in WE implies that the choice of the initial length scale will 
also depend on s. 

Next we consider the energy interval multiscale analyses, Theorems 5.2 and 5.7 
GK1 , which in our general setting consists in estimating 



Pl = sup p x ,y,L, (3.16) 

with 



Px,y,L = P{i?(m, L, I(S ), x, y) c } (3.17) 
where I (So) = [E — Sq, E + So], for some So > and 

R(m,L,I(8 ),x,y) = {uj : for every E £ I(S ), A L (x) or A L (y) is good} (3.18) 

(here a box is good if it is (m, E)- regular for H u , with m to be specified later). 
In the ergodic case it suffices to consider p x ,y,L- We can thus follow the original 
iteration procedure on this estimate, replacing p x , y ,L by §l, obtaining an analog 
of |GK1( Eq. 3.4], i.e., there exists So > such that given any (, < £ < 1 
there is a length scale L < oo and a mass = m(£, L ) > such that if we set 
Lfc+i = [Lfc]eN, < a < C _1 ,k = 0, 1, 2, ... we have 

inf F{R(m ( ,L k ,I(S ),x,y)}>l-e- L i. (3.19) 

x, y ez d 

To derive results on the spectrum and the dynamics of the operator from this 
estimate we need to consider also conditions EDI and USGEE. Thus, with Lemma 



3.1 in hand, (3.19) and USGEE we can follow the proof of [GKil Theorem 3.8] with 
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minor modifications. We want to show that if (3.f9) holds we have that for any 
< C < lj there is a finite constant such that 



supE sup \\x x+ uf(H u )P u (I(S ))xu\\ 2 2 ) <C C e" NC , 



(3.20) 



For this, we consider the pair of points x, y as the pair x + u, u, and fix x € 1 d and 



k such that Lfc+i + g > \x\ > L k + g. We split the expectation in (3.20) in two 
parts: the first one over the set R(m^ , L k , I(8q), x + u,u) and the second on e ove r 
its complement, which has probability less than e _L ^, uniformly in u, by (3.191. 



We follow the arguments in [GKll Eq. 4.8-4.13]. By and Lemma |3~T 
write, for a positive constant C\, 



we can 



sup \\Xx+uf{H u )P u {I{^))Xuh < C ie - L ^n, w (/). (3.21) 

II/II<1 



This implies, 



supE sup \\xx+uf(H LO )P LU {I(S ))Xu\\hR(m (: ,L k ,I(S a ),x + u, u) 
\\\f\\<i , 

< C 1 2 supE{(/i tl ^(/( ( 5 ))) 2 }e- 2 ^ 



(3.22) 



As for the expectation over R(m^, L k , I(Sq), x + u,u) c , (3.19) implies that 
supF(R(m c ,L k ,I(S ),x + u,u) c ) < e" L * 

u 

this yields, 



supE sup \\Xx+uf(Hu)Pu(I{8o))Xu\\hR{rnQ,L k ,I(8o),x + u,u) c 
\\\f\\<i 

<rsnpE{(^ui(s ))) 2 }h- 1 ^ 



(3.23) 



where we use the fact that by (3.5) we can write 



\ Xx+u f(H u )P u (I(5o))Xu\\l < \\f\\ 2 \\PM(So))Xu\\l < C\\f\\nw(I(5 )) (3.24) 



Combining ( 3.22[ ) and (3.23), using USGEE we obtain the desired decay, namely 
(pOOl. 



Now we can prove a strong version of dynamical localization as in |GK1( Corol- 
lary 3.10]. Notice that, if p > 2 



(X - «>» = (! + llv - A 2 ) p/2 x x (y) < c d (i + II* ~ A*) p,2 xM 



C d J2(l + \\xfT /2 X x +u(y), (3-25) 



so we have, 
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\\(X-uyl 2 f{H^)P u {I{5o))Xu\\l 

= tiiXuf(H^)PM(So))(X - u)>P u (I(6o))f(H u )x*] 

< C A (1 + \\xff'hx[ X uf{H u )PM{S ))x x+ uP u {I{5 Q ))f{H u )xu] 
= C d J2 (1 + \\x\\ 2 ) p,2 \\x x+ uf{H^)PM(5»))Xu\\l (3.26) 

Taking the expectation and then the supremum over u <E Z 2 , by (3.20) we obtain 
strong HS-dynamical localization in the energy interval I(5q). 

Following the proof of |GK4[ Corollary 3], after adapting |GK4[ Theorem 1] to 
our setting we obtain the summable uniform decay of eigenfunction correlations 



SUDEC. As for property DFP, it is a consequence of (3.20) combined with BGK, 
Theorem 1.4], which is a deterministic result also valid in our setting, in the lines 
of |UK4l Theorem 3] . 

□ 

4. Proofs of Theorems 12.21 and 12.31 

Here we can proceed as in |GK3j . First we state the following Lemma, which is 
an intermediate result in the proof of |GK31 Lemma 6.4], adapted to the (UWE) 
with Holder exponent s. We consider a cube Al(x) with arbitrary x so we omit it 
from the notation. 

Lemma 4.1. Let H u be a random Schrddinger operator satisfying a uniform Weg- 
ner estimate in an open interval 1, with Wegner constant Q e and Holder exponent 
s. Let p > and 7 > d. For each E G I, there exists C = C(d, E, Qe,7,Po> s ) 
bounded on compact subsets of I, such that, given L € 2N with L > C, and subsets 
B\ and B2 of ' Al (not necessarily disjoint) with B\ C A^_ 5/ / 2 and Ai_i\A^_3 C P>2, 
then for each a > and < e < 1 we have 



P {\\X2RuAE + iekilli > £) < P (\\X2R.{E + ie) Xl \\ > ^) + ^, (4.1) 



and 



(\\X2R.AE)Xi\\l > l)<v(\\ X2 R u (E + ie) Xl] \ > ^)+Qe (~) ^ L d + g , 

(4.2) 



where Xi stands for XB i} i — 1, 2. 



Proof of Theorem \2.S\ By the same arguments used in }GK3|, Theorem 4.2], it suf- 
fices to show that, under condition (2.20), for each E £ J there is some 9 > d/s 
such that 



limsup inf 1 



y ,lRuj ,y ,L 



(E)Xy, 



< 



1 



= 1, 



(4.3) 



i.e. the starting condition for the bootstrap MSA, (2. 
at some finite scale L > £ g (E). 



y,L/3\\y,L — 

in its strong version, holds 
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Let E e J, 6 > d/s and L <E 6N. We start by estimating 

P B , L := supP \\\T y , L R u , y!L (E) Xy ,L/ 3 \\v,L > j^j ■ (4.4) 
We decompose as in [GK3, Eq. 6.26-6.28], using 

Xy,L = Xy,2L/3 + Xy,L\2L/3, where Xy,L\2L/3 = Xy,A L \A 2L/3 

so (for simplicity we omit the subscript y from the norm) 

Pe,l < BupPr^<||r i/|L JJi Jji (£7 + <e)x v ,L/3|u) (4-5) 

+ ™V F (^jJ <e\\R u , L (E + ie)\\ L \\r y , L R U;L (E)x y ,2L/3\\L S ) (4.6) 

+ SUpPf <€\\R u , L (E)\\ L \\Xy,L\2L/3l^A E + * e )Xy,L/a\\Lj (4.7) 



To estimate the first term we use (4.1) with a = L . As for the rest, we use 



(4.2) and (4.1), respectively, with a = 1, plus the uniform Wegner estimate. We 



obtain 



Pe.l < supPl jjg^< \\T v , L R ul {E + ie) X y,L/3\\ 



supP( — < \\T y>L R w {E + ie)x y 



(4-8) 
(4.9) 



+ SUpP^ < \\Xy,L\2L/3R*{E + ie)x y ,L/3\\) (4.10) 



Q I (4e) s / 2 L d + 2Q I e s L 



8s+d , ^PO 

+ 10 : 



(4.H) 



for L > £, with £ as in Lemma 4.1 where 7 > d/s, < e < 1, < po < 1 and 
Qj = sup Qe < co . Set 



fie/ 



L = L(I,e) 



( Po 



\20Q I e s 



i/(8s+dy 



(4-12) 



J 6N 



so that 



) /(4e) ^<^ an d 2 Q /e ^+ rf <^. 



We first estimate, 



supP I jj^ < \\T y , L R u (E + ie)x v ,L/3\ 



(4-13) 



To do this, we decompose the norm using the function ^(H^) that localizes in 
energy , yielding 



supP 



1 



< \\Y y , L R u {E + ie)X{H u )x 



y,L/3\ 



+ supP( < \\r ytL R u (E + ie)(l-X(H u )) Xy ,L/3\ 



(4-14) 
(4.15) 
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For the second term we use Chebyshev's inequality and follow |GK3( Eq. 6.32 
6.34], so we can bound it by Pq/12, 



Estimating in the same way the terms (4.9) and (4.10) we obtain that for L big 
enough, 



Pe,l <™pp(^t^ < \\^v,LR.{E + ie)X{H u ) X y, m \\ S j 



(4.16) 



+ sup 

V 

As for the first term 



supP (~ < \\T y ME + ie)X(H u ) Xy ,2L/a\\\ (4.17) 
^ pP (2^ < ^vM2L/ 3 RUE + ie)X(H UJ ) Xy ,L/ 3 \\^ + (4.18) 



< \\T v ,i t R u (E + ie)X(H u ) Xy ,L/s\\ 

< 2L 0+1 E (\\T ytL R u (E + ie)X(H 0J ) X y,L/s\\) (4.19) 
< 2jL e +7 J2 E(\\T yiL R ul (E + ie)X(H u )xu\\)- (4.20) 

uEA L/3 (y) 

For any u fixed, given a compact subinterval I G J and M > we set : 

A v ,M,i,e = {E G / : E (\\(X - u)p/ 2 R u {E + ie)X(H u )Xu\\i) <M e -( a+1 >}. 
We have, taking T = e _1 and using [GK3J Lemma 6.3] 

|/ \ Au,m,!A < Me - (a+ i) ^ E (ll ( X - U ) P/2 RUE + ie)X{H u ) X u\\i) dE 
- J™ e~^ T E (|| (X u)^e-^X{ Hul ) Xu \\t) dt 



2tt 



MT a+1 

< ^supE(X u , LJ (p,A',T)). 



(4.21) 



Remark 4.1. Notice that the analogous sets A^j^m in the proof |GK3( Theorem 
2.11] do not work in the non ergodic setting, so we need to consider a family of sets 
A Ut M,i,e, indexed by u. 

By hypothesis |2.19| we can pick a sequence Tj~ — > 00 such that for k big enough, we 
have supE (M u ,ui(p, X, T^)) < CT£, then for the corresponding sequence et — > + 

u 

we have 

\I\A u , M j^ k \<y r (4.22) 

Notice that this bound is uniform in u. 

Thus, for an £ € J fixed and = TjT , either E £ ^4u,j,M,e fc hi which case we 
have, 
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E (\\TyxME + ie k )X{H u ) X u\\) < C p4 L k p/2 E (\\(X - u) p / 2 R u (E + ie k )X(H u ) Xu h) 

< C p , d L- p/2 E (|| (X - uY^R^E + ie k )X(H u )x4l) 



< C p , d L~ p/2 M^e- {a+1)/2 , 



(4.23) 



where we write L k — L(I,e k ), or else, E G / \ A u _M.i,e k , so by (4.22 1 there exists 
E u £ A u j t M,e k such that 



\E-E U \ < 



C_ 
M 



and so, by the resolvent identity and the definition of A„,m,7>, 



E (\\r y , Lk RUE + ie k )X(H u )xu\\) < E (\\T y , Lk R w (E u + ie k )X(H u ) X u\\) 

+ \E- E U \E (\\RUE + ie k )\\\\R u {E u + ie k )\\) 

C 



< Cp , d L- p/2 M^e- {a+1)/2 + 



(4.24) 



Therefore, 



\- < \\r y , Lk RUE + t e k )X(H^ Xy , Lk/3 A<C' p X + ^^ 



2L^ 



+ C p , d 



II 



(4.25) 



The remaining terms (4.17) and ( |4.18 1 are estimated in the same way, using the 



fact that dist(Ai_i \Ai_3,A^) > j — | and dist(A L ^2i, , A21, ) > jr. For these 



terms we obtain an estimate as (4.25) with constants C^ 2 d \c'^ and C^ 3 J , C 1 ^ , 
respectively, and with no 9 in the exponent of L. Denote by C p ^ d the maximal 
constant, and since L e < L e+ ~< , the estimate on (4.25) using C p . d will imply the 
same estimate on (4.17) and on (4.18). 



Now, for p such that p > p'(a, s) — a^f + 12^, we can find 9, 7 > d/s for which 



so if we set 



and recall 



p > 59 + 37 + 2d + (a + l)(0s + d) /& 



M = Lf + 7 , 



(4.26) 



(4.27) 



-(a+l)/2 



C 



Po,Qi^k 



(a+l)(es+d)/2s -2 



C 'pa,Qi L k 



-2{9s+d)/s 



we obtain, for k big enough depending on d, I,p, a, 9, 7, s,po, Qj, 
C' P!d Ll + ^ 2+d M l /\^ < p„/24 



(4.28) 



(4.29) 
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and 



so there exists a sequence — > oo such that for k big enough, 



< \\T y , L ME + ie k )X(H u )xy,Lj S \\) < g. 



2L 



(4.30) 



(4.31) 



The same argument shows that the terms (4.17) and (4.18) are smaller thanpo/12, 
for k big enough. 



Inserting this in (4.16 )-( 4.18 1 we see that 



limsupsupP -j < \\r y ,L k Ru,y,L k (E)x y ,L k /3\\L h ) < Po, (4.32) 

k— >eo y \ J-'v 



Since < po < 1 is arbitrary, we conclude that (4.3) holds for each E 6 / 



□ 



Proof of Theorem\2.3\ From equation (4.3) to equation (4.18) the previous proof 



remains valid in the current setting. We will only estimate (4.16), since the remain- 



ing terms (4.17) and (4.18) can be estimated in the same way. Notice that 



p (^7/+^ < \\r y , L R u (E + ie)X(H u ) X y,L/ 3 \\^ 

" P ( 2L^ < S H r v.i^(^ + *e)*(^)x«ll I 
V ueA i/3 (i,) / 



(4.33) 



To estimate the r.h.s of the last inequality, the following following lemma is 
crucial, 

Lemma 4.2. There exists C = C(I ,p,6,^/,d,a, s,Pq,Qj) such that for any u € 
A L / 3 (y) with L = L(I,e) as in (^..12), L> £ and E £ I fixed, if 



p > p(6, 7, d, a, s) := a ^ S + — + 99 + 37 + 2d + - 

s s 



(4.34) 



then, for T = e 1 , 



w : \\T ytL R u (E + ie)X(H u )xu\\ > 



1 



C{w: M u ^{p,X,T) >T a }. 



(4.35) 



Now, if p > p(a,s) := 15- + 2a^, then there exist 0,7 > d/s such that p > 



p(9,j,d,a,s) > p{a 1 s) so Lemma 4.2 holds yielding, for L = L(I,e) as in (4.12) 
big enough, 
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/ 1 



< \\r VtL R u (E + ie)X(H u )x v ,L/z\\) < C POtQl T* supF{M u<u (p, X, T) > T a ) 

(4.36) 



where C POy Qj comes from L d = C POy Q I Ti J by (4.12). 

By hypothesis (2.20), we can pick a sequence Tk — > oo such that for k big enough 



Tl 8upP(M u ,„(j>,X,T k ) > T%) < po/12. 



(4.37) 



In an analogous way we can estimate ( |4.17 l and (4.18). It follows that for all E G I 
we have 



limsupsupP ( -g < WTy^Ru^L^Xy^/zWLu) < Pa- (4.38) 
fc->oo y / 



Since < po < 1 is arbitrary, we conclude that (4.3) holds for each E € I. 



□ 



Proof of Lemma {JJq . Let w € {lo : M u ,ui(p, X, T) < T a }. For a given compact 
subinterval I C J, M > and L = L(e, /) as in (4.12), we set 



Au^m,! = {E€l: \\(X - u) p / 2 R u (E + ie)X(H u ) X u\\l < Me^ a+1 ^}. 
We have, using |GK31 Lemma 6.3] 



\I\A u ^mj\ < 



1 



2tt 



< 



7T 

7T 

M' 



|| (X - u)^ 2 R u (E + ie)X{H u ) X u\\ldE 
e-*/ T \\(X-uy/*e- itH «X{H u )xu\\ldt 



: M UlU (p,X,T) 



(4.39) 



where the last bound is uniform on u and u>. 

Thus, for an E € / fixed either E € A u w j in which case we have 



||r W) iiZ w (E + ie)*(JT w )x„H < C ^ ,, (^ L- ^, / 2 ||(X- W )P/ 2 i? tJ ( J B + ^e)A'(i^ LJ ) Xtl || 



< C prf L^/ 2 M 1 / 2 e-( Q + 1 )/ 2 



(4.40) 



or else, E € J \ A k , Wi mj, so by 4.39 there exists £7 U , W € At,u;,Af,i sucn that 



M 

and therefore, by the resolvent identity and the definition of A^ u m. Ii 



Anderson metal-insulator transition for non crgodic operators 



19 



\\?y,LR^(E + i€)X{H u )xu\\ < \\Ty,LRu{E u , u +ie)X(H u )Xu\\ 

+ \E- E^IWR^E + ie)|||| J^(B U , W + ie)\\ 

< C p , d L-f/ 2 M 1 / 2 e-( a + 1 )/ 2 + ^ (4.41) 
Now, for p such that p > p(0, 7, d, a, s) we have 

2(6> + 7 + d) <p-66--y-(l + a)(9s + d)/s (4.42) 

so if we set 

M = L 66+ ~<, (4.43) 

and recall 

e -(l+o0/2 = ^ Q ^(l+a) (e .+ d )/2^ (4 M) 

we obtain, for L big enough depending on d, I ,p, a, 9, 7, s,£>o, Qi- 

C P)d i-f/ 2 MV 2 e -(«+D/ 2 = cfj>i|j ^^ i -( p /2-(6fl+ 7 )/a-(l+a)(fl.-H0/2«) 

< 4L(iW (4 - 45) 



and 



= C" ^ r69+27-2(fl S +d)/ S < 1 c 4 ^ 

Me 2 ^po.Q/^ ^ 4L (e +7+d )- 



Inserting this in (4.41 1 proves the lemma 



□ 



5. Uniform Wegner estimates for Delone-Anderson type potentials 

Definition 4. A subset D of M. d is called an (r,R)-Delone set if there exist reals 
r and R such that for any cubes A r , Ar of sides r and R respectively, we have 
i(D n A r ) < 1 and $(D n A R ) > 1, where (j stands for cardinality. 

Remark 5.1. Aote £/ia£ m an (r, R)-Delone set there exists a minimal distance 
between any two points, r/2, and a maximal distance between neighbors, R/y/2. 
Such a set is said to be uniformly discrete and relatively dense. A lattice is a 
particular case of a Delone set. 

Take < r < R < 00 and consider the operator H u = Hq + XVu, with random 
potential given by 

V u (x) = ^2 w<yii(a;-7), (5.1) 

7S-D 

where I? is a (r, i?)-Delone set. The measurable function u, called single-site po- 
tential, is such that || u(- — 7)||oo = 1, it has compact support and satisfies 

76-D 

u~Xo,e u <u< u + xo,s u , (5.2) 
for some constants < e„ < <L < 00 and < u~ < u + < 00. 
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Here, (w 7 ) 7 g£> is a family of independent random variables, with probability 
distributions /z 7 of bounded and continuous densities p 7 such that 

p + := sup ||p 7 ||oo < oo, (5.3) 

€ supp p 7 c [—mo, Mo] (5.4) 

where < mo < oo, < Mo < oo. 

Under these assumptions V u is a bounded scalar potential jointly measurable in 
both oj £ f2 and x € M d , and so the mapping u> n- H u is measurable. 

Denote by Hx tU >,x,L and flo,a;,i the restriction of i/ w and 7?o to the cube A^(a;) 
with periodic boundary conditions, respectively (in the particular case of the Lan- 
dau Hamiltonian, details on the finite volume operator Hb.l are stated in Section 
|6|, with A fixed and V UiXt L being the restriction of V u to A L (x), defined by 

V UiX ,l(-)= ]T ( 5 - 5 ) 

and denote by V x ,l the potential defined by 

V X A')= E <■-!)■ (5-6) 

where A L (x) = Dfl Al(x). 

We denote by P\ tUlX ,L, Po,x,L the spectral projector associated to the finite 
volume operators H\ <u<Xt L, ffo,i,L, respectively. In the particular case of the fi- 
nite volume random Landau Hamiltonian and free Landau Hamiltonian, we write 
Hb.\,ui,x,l and Hb, x ,l, respectively, and we use the notation Ii n ,x,L for the spec- 
tral projector associated to the n-th Landau level, and Tl^ x l f° r its orthogonal 
projector (see Section 



6.1 1. Define s(e) = sup sup fij([E, E + e] 



We prove several Wegner estimates that we summarize in the following theorem, 

Theorem 5.1. i. Ford = 2, let Hq be the Landau Hamiltonian with constant 

magnetic field B > fixed. For any bounded interval / £ 1 there exist 
constants Qw = Qw{B, A, R, r, I, u, mo, Mq), t]b.x.a g]0, 1] and a finite 
scale £*(B, A, /, R) such that for every compact subinterval Ac/, with 
|A| < t]b,\.a and L > £* , we have 

sup E{ tr Pa,^.l(A)} < QwP+s{\A\)L d . (5.7) 



Let Eq G R \ o~(Hq) for Hq — — A + Vq, where Vq is Z d -periodic. For any 
bounded interval I C M\cr(Ho) there exist a constant Q\y = Qvv(A, R, r, I, u) 
and a finite scale (R) such that for every compact subinterval Ac/, 
holds. 
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iii. Assume the IDS of Hq is Holder continuous with exponent S > in some 
open interval I and no further assumption on s(e). Then there exists a 
constant Q' w = Q' W (B, A, /, u, R, r,d) > such that for all compact subin- 
tervals Ac/ with \A\ small enough, and < 7 < 1, 

E{trP A , u , E , L (A)} < Q , w max{\A\ 5 \\A\~ 2 ^s(\A\)}L d . (5.8) 
In particular, if s(e) < Ct^ , for some C, £ [0, 1], then 

E{tri\ W)X , L (A)} < Q' w \A\^L d . (5.9) 



Since the results are uniform in x, we state them for x — 0, A fixed and for 
simplicity we omit these subscripts from the notation. 

For the proof we follow |CHK2j . based on [CHKj . plus |GKS| in the case of 
the Landau Hamiltonian. In all cases we need to estimate E{trP Wj i(A)}. We 
decompose it with respect to the free spectral projector of an interval A, such that 
Ac A and d A = dist(A,A c ) > 0, that is 

trP w ,i(A) = trP w ,i(A)P ,i(A) + trP J:L (A)P . L (A c ). (5.10) 

The key step in estimating the first term of the r.h.s is to prove a positivity estimate 
as in [CHK2, Theorem 2.1]. In order to obtain this estimate in the case of the 
Landau Hamiltonian, we need some preliminary lemmas. 

Lemma 5.2. Using the notations above, there exists a positive finite constant 
C n (B,u, R), so that 

n n ,LV x>L n n ,L > c n {B, u ,R)u n>L . (5.11) 

Proof. From [CHKR] we have that for n e N, R > 0, for each 0<e<P, K > 1 
and T] > there exists a constant Co = C Q n e ^ > such that 

n„xo,en„ > c (n n x ^n„ - ?7n n Xo K ii n «)- (5. 12) 



Because of the invariance of Hb under the magnetic translations (6.2 1 we have 
that the projections II„ commute with these unitary operators, which in turn gives, 
for an arbitrary x € M 2 , 

u x n n x ,en n u* > c [/ x (n nXo ^n„ - nn nX ^ Kk n n )u* x (5.13) 
n n [/ x xo,e^:n n > c Q {u n u xXQtk u* x Ji n - r,n n u xX ^nU* x ii n ) (5.14) 

tlnXx^n > C Q (Jl n x x ^n„ - riYl n x x ^n)^ (5.15) 

since conjugation by unitary operators is a positivity preserving operation. 

Now, we recall [GKS1 Lemma 5.3] (which is independent of V and, therefore, 
D), 

Lemma 5.3. Fix B > neN, ^>0, 0<e<P and n > 0. If K > 1 and 



L £ Nb (defined as in (6.8)) are such that L > 2(L^ + kR) then for all x £ Al(x), 
we have 
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n„ ,LXx,t 

x.R ~ VXx^iQN-n.L + n„xf„ :£i Ln„x, (5.16) 

where Co = C . n s e ^„>0isa constant as before and the error operator £ n .x,L 
satisfies 



\\£ti,x,l\\ < Cn,B,e,R,n e m "> BL , 
for some positivie constant m nj B- 



(5.17) 



Now, by (5.2) we have 



V x ,l(-)= Yl u (--l)> u 
We fix R > 2R + S u , in which case 

X 7i h > Xx,l- 

■y£A L - Su (x) 

Now fix k > 1 and pick 77 > such that 



^ 2 *7.«H - 2 Xx ' L ' 



(5.18) 



(5.19) 



(5.20) 



It follows from Lemma |5. 31 (5.19) and (5.20) that 



~Rn,LV XiL ii n . L > u c ^2 n „ :L (x 7 R - ?7x 7 , K _R) n „,L + n„ iL £„, L LV L (5.2i) 



> ^n n , L + n„ iL f n , L n n , L (5.22) 

> dn n , L ,(5.23) 

for L > L* for some L* = L^ BeRK < 00 and Ci = - 4 , since the error operator 

ieh L -s u (x) 



by (5.17), satisfies 



a 



Finally we recall, 



Lemma 5.4. CHK2] Lemma 2.1] Suppose that T is a trace class operator inde- 
pendent of uj and u, the single site potential (5.2). We then have 



E{trP WjL (A) u ,T Uj } < SsGADIKT^IIi. 
where we use the notation u, L = u(x — i), i € R 2 . 



(5.24) 
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Proof of Theorem \5.1\ To prove (i), using the preliminary lemmas we can follow 
the proof in |CHK2[ Theorem 4.3]. Notice that the spatial homogeneity of the 
Delone set in the sense that points do not accumulate neither are too far away, so 
the sums over indexes of elements of D preserves the properties of the sums over 
indexes of elements of the lattice 1? as the original proofs. 



Recall that we need to estimate E{trP Wj i(A)} as in (5.10), that is, for an arbi- 
trary E £ M , with A and A closed bounded intervals centered on E such that 
Ac A, |A| < 1, d,A > 0, we need to estimate 

trP W)i (A) - trP Wli (A)n B ,i + trP w , L (A)n^ L . (5.25) 

a. Estimate on E{trP UiZ) (A)II^ L }. 

The analysis in [CHK21 Eq. 2.6 - 2.10] for the n-th Landau band remains valid 
taking, for the constants defined therein, M = 1 and the operator K defined by 

where E m is an eigenvalue of Hb a u l, d n = min{dist(I, P„_i), dist(/, B n+ i} and 
A=[A_,A + ]. 

Then we can obtain the analog of [CHK21 Eq. 4.4], 

trP w , L (A)n^ < K n \ 2 max{m , M } 2 ^ |tr Uj P^ l (A) Mjj FQ,|, (5.27) 

i,jeA 

where = Xi(Hb.l + 1) _ Xji f° r X > a smooth function of compact support 
slightly larger than the support of u such that x u — u - Note that due to the spatial 
homogeneity of D and the fact that supp u is contained in a cube of side r, the 
translated supports of u do not overlap. 

Now, denote by A = {i, j £ K/xiXj = °l and b Y A o = {hJ € A/Xi Xj ^ 0}. For 
i-j G Ao, the operator Kij is trace class |BGKS[ Lemma 2.2], [CHK21 Lemma 5.1] 
and it satisfies the Combes- Thomas estimate, 

ll^illi - \\Xi(H B ,L + l)- 2 Xj\\i < C'ae- 6 ^-^, (5.28) 



where Cq and Co are positive constants. So we can use Lemma 5.4 to obtain 



E{| J2 te Ui P w ,z(AKKtf|}<E{ l tr u j p uA A ) u i K a\} ( 5 - 29 ) 

< C 8s(|A|) e~ doh ~^ (5.30) 
<C lS (|A|)|A|. (5.31) 



where C\ also depends on r, since ))(Al) < C r ^L for L > R, see Eq. (6.26). 

On the other hand, for i,j £ Ag, Kij is also trace class [BGKSi Lemma 2.2] so 
we can apply Lemma |5 . 4| again , obtaining 
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E{trP u , L (A)n£ L } < C 2 s(|A|)|A|, 
where Ci > depends on u, I, A, r and M = max{mo, Mq} 



(5.32) 



b. Estimate on E{trP^ L (A)n„, L }. 

We use the spectral projector n„ L in order to control the trace. Here the key 



ingredient is the positivity estimate (5.11 ) and the fact that, under our hypotheses 



on u, there exists a finite constant C M , depending on u only, such that 

o < vl < C U V L . 

Now, 



trP w , L (A)n n , L < 



1 



-trP u , L (A)n n , L vi,n n ,L 



(5.33) 

,- f /T> r) , 1 .::.^\ * ' ' ' " > 1 ' ' ■ \ */'',, .i. ' 1. ■ ■ // L. I ' (5.34) 

C n {B,u,R) I ' J 

Then we can proceed as in parts (2) and (3) of the proof of [CHK2, Theorem 
4.3], and we finally arrive to the desired result, 



< 



C n (B,u,R) 
{trP W;i (A)Vtn n!L - trP^ L (A)n^ L Vin„ iL } 



E{trP^(A)} < Q w s(|A|)|A|. 
where the constant Qw > depends on B, u, R, r, /, A and M. 



(5.35) 



As for (ii), note that in this case trPo^A) = if A C K. \ <t(Hq), so we only 
need to estimate the second term in the r.h.s. of (5.10), where we do not need the 



positivity estimate (5.11) for Pq^. The proof mimics (i)-a 



In case (Hi) we can estimate the first term in the r.h.s. of (5.10) without using 
the analog of (5.11) for Pq,l- Instead, the Holder continuity of the IDS of the non 



perturbed operator implies that there exists a constant C > such that 

trP ,L(A) < C\A\ 5 \A\, 

and so, for < 7 < 1 

trP Wii (A)P 0ii (A) < C|AP 5 |A|. (5.36) 
Since, as in the previous case (writing explicitly the dependence on cIa) we have 



Z!t.rP„, jL ,A)7>,, i (.A'n <^*(|A|)|A|, 

by taking g?a = |A| 7 we obtain the desired result. Furthermore, if s(e) is ^-Holder 
continuous, we get, taking 7 such that jd = £ — 27, 



E{trP w , L (A)} < Q' max{|A|^, |A|^}L 2 



<Q' W \A\^L 



(5.37) 
(5.38) 



where Q' w depends on u, I, A, R, r and M . 



□ 



Anderson metal-insulator transition for non crgodic operators 



25 



6. Applications to non ergodic random Landau operators 



6.1. The model. We consider the case where the free Hamiltonian in (2.1 1 is Hb, 
the Landau Hamiltonian, and the random potential represents impurities placed in 
a Delone set (for the case Hq = —A see [G]). We aim to prove for this model the 
existence of complementary regions of dynamical localization and delocalization in 
the spectrum and therefore, the existence of a dynamical transition energy. By 
doing this we extend known results for ergodic random Landau Hamiltonians [CHI 
ICH21 IGKS1 IGKS2] to non-ergodic ones. 

Let Hb be the unperturbed Landau Hamiltonian on L 2 (]R 2 ) 

H B = {-iV-A) 2 with A = -(x 2 ,- Xl ), (6.1) 

where A is the vector potential and B is the strength of the magnetic field. 

The spectrum of Hb is pure point and consists of a sequence of infinitely de- 
generate eigenvalues, the Landau levels {B n — (2n + 1)|B|; n = 0,1,...}, with 
associated orthogonal projection operators LT„. As the spectrum is independent of 
the sign of B, we will always assume B > 0. 

We define the magnetic translations U a for a£M 2 and <p € C^°(M. 2 ), by 

U aV {x) = e - l %<< X2ai - Xia2) <p(x - a), (6.2) 

obtaining a projective unitary representation of R 2 on L 2 (R 2 ): 

U a U b = e l i^- a ^U a+b = e lB{a2bl - aib2) U b U ai a, b G M. 2 . (6.3) 

We then have U a H B U* = H B for all a G M 2 . 

We consider the perturbed family of Landau Hamiltonians given by 

H B ,x, u = H B + \V U on L 2 (M 2 ), (6.4) 

where, as before, A is the disorder parameter which we consider fix and V u is the 
Delone- Anderson type potential given by (6.24)-(5.4) with the additional condi- 
tions: 

(uc.) S u < r/10, i.e. u has compact support contained in _B(0,f/10). This 
implies that for i,j G D with i j, supp Ui n supp Uj =0, where we use the 
notation itj = u(- — i) for i G K 2 . 

(uO.) \\u\\oo = 1 and u(0) = 1. 

We denote the spectrum of this operator by <tb,\,uj- By perturbation theory [Kl 
Theorem V.4.10] we know that for each u E ft 

CO 

{jB n {B,X), 

n=0 

where B n (B, A) = [B n — Am , B n + A Mo] is called the n-th Landau band. Moreover, 
by a Borel-Cantelli argument, for almost every well, 

0B C &b,\,u (6.5) 
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where ub is the spectrum of the free Landau operator. We also show that there 
exists almost surely spectrum near the band edges so our results are not empty (see 
Section [rill) 

For B fixed A is small enough such that 

A(m + M ) < 2B, (6.6) 
i.e., the Landau bands B n (B, A) are disjoint and hence the open intervals 

g n (B,X)=]B n + XM ,B n+1 - \mo[, n = 0,1,2,..., (6.7) 
are nonempty spectral gaps for Hb,\,u- 

We now define finite volume operators following [GKSJ. For B > 0, we set 

K B = min { k e N : k > \ — \ and L B = K B \ • — . (6.8) 

V 471" I V 47T 

We denote N B = L B N, N B = N B U {oo} and Z% = L B Z 2 . 

We consider squares Al(x) with L £ N B and x € M 2 , and identify them with the 
torii Tl x := M 2 /{LI? + x). We denote by Xx,l the characteristic function of the 
cube Al(x) and for x € Al(x) and r < L we denote by A r {x) and Xx,r the cube 
and characteristic function in T/, )X . 

For the first order differential operator D B = (— iV — A) restricted to C^°(Al(x)) 
we take its closed, densely defined extension T)b,x,l from L 2 (Al(x)) to L 2 (Al(x); C 2 ), 
with periodic boundary conditions and then set Hb, x .l = D B x iJ^B,x,l- 

We are left with the operator Hu,b,x,l acting on L 2 (A^(a;)) defined by 

Hb,\,u,x,l = Hb, x ,l + AKj^l. (6.9) 



where V u ^ x ,l is defined as in 6.24 

We write Rl{z) = (Hb,x,u,x,l — z)^ 1 for the resolvent operator of Hb,x,u,x,l- 
Since Hb.x.l has a compact resolvent, its spectrum consists in the Landau Levels 

but now with finite multiplicity. We denote by H n ,L the orthogonal projection 

associated to the n-th Landau level and define P b ,x,ui,x,l(J) — Xj{Hb.x,ui,x.l) for 

JcRa Borel set. 

This operator satisfies the compatibility conditions |GKS| Eq. 4.2]: If cp £ 
T>(D b , x ,l) with supp ip C A L s u (x), then X x>L ip <E V{D B ) and 



Zx,L~Db,x,L<P = D B Ia; : L(y5, 
Zx,LXx,L-S u Vuj,x,L — Xx,L-S u Vui 

where I X ,L ■ L 2 (A^(x)) — > L 2 (M 2 ) is the canonical injection 
X - L ^ (y) - \ otherwise. 

From this we have 

Z x ,lHb,\,lj,x,l<P — Hb.X^T-x,^-, 



(6.10) 
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that is, the finite volume operators Hb a u> x l agree with Hb \ u inside the square 
Al(x). 



However, Hb,x,u,x,l does not satisfy the covariance condition (2.3) so we have a 
priori 

Hb,\,w,x,L 7^ U x Hb,\,t- x (u),o,lU*, 
where U x is the magnetic translation (6.2) seen as a unitary map from L 2 (Ai(0)) 



to L (Ai(x)) and t x is the translation defined as t x (oj 7 ) — uj-y- x for x € 



p2 



6.2. Dynamical localization in Landau bands. In this section we prove 

Theorem 6.1. Let H u be as before. For any n = 0, 1, 2, ... there exist finite positive 
constants B(n) and K n (X) depending only on n, M, u and p such that for all 
B > B(n) we can perform MSA in the intervals 

SBM^^nffiee,,: \e — B n \ > K n (Xy^-}, (6.11) 

We have strong HS-dynamical localization at energy levels up to a distance 
K n {\) l °g B from the Landau levels for large B. 

For the proof we need to verify the conditions to start the modified Multiscale 



Analysis, Theorem |2.1| As mentioned in the proof of Theorem 2.1 this model 



satisfies properties (IAD), (R), (EDI), (SLI) and (UNE). What is left to prove 



is the existence of a suitable length scale Lq that satisfies (2.8) and (UWE). The 
latter comes from the following improvement in the Wegner estimate of the previous 
section and it follows |CH[ Theorem 3.1]. 

Theorem 6.2. There exists B > and a constant Q n = Q n .x,u\\p\\oo such that for 
all B > B and for any closed interval A C B n \ u{Hb) 

E{ti Pb,\, u ,x,l (A) } < Qn mst{ l Bn))2 \A\L>. (6.12) 
In particular, for Eq ^ o~(Hb) and all < e < \Eq — B n \, 

¥{dist(a(H B ), Eq) <e}< Q n7 — — -,tL\ (6.13) 

{\E -B n \- ey 

Proof. Without loss of generality we work within the first Landau band Bo, con- 
taining the Landau level Bo. Set M = || VL. || oo = max{mo, Mo}. Let A be an 
interval such that A C B \ {B } and inf A > B, so dist (A, B ) > . 
Following the same arguments in [CHI Eq. 3.4 - 3.11], we get 

E{trP L (A)} <dist(A,S )- 2 Af 2 ||p|| oo |A| £ \\n$ tL \\i, (6.14) 

where Pl(A) stands for Pb.\,u.x.l{^) and we use the notation A 1 ^ = Av,j 
for any bounded operator A. 

To evaluate the sum we consider separately the indices i, j for which j\\ < 45 u 



and those for which ||i — j\\ > 4S U , with S u as in (5.2) 
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Let Xij be the characteristic function of supp(u^ + Uj). Again, as in Thm 
the translated supports of u behave in a similar way as in the lattice. Then we 
follow the same arguments therein and obtain, using |CH[ Lemma 2.1], 



E Po^Hi < E llx*ino lL Xiilli<CoS|A||suppu|, (6.15) 

|i-j|<4<5„ \i-j\<45 u 

where the constant Co actually depends on the index n of the Landau level, which 
in this case is 0. 

Define xfj t° be the characteristic function of the set {x € M 2 : \\x — i\\ < \\x— j\\} 
and denote yT, = 1 — yj.. Then we obtain 

iKJlx < ||^ 1/2 no, L x+-|| 2 ||x+n . LUs 1/2 || 2 + || Uj 1/2 n , LX -.|| 2 || x -.n , LUl 1/2 || 2 . 



Now, if \i — j\ > iS u , condition (5.2 1 implies that 

dist(supp x+-,supp Uj) > — 6 U > k\\i-j\\ 

for some k > 0. Similarly for dist(supp x~, supp ui). We then obtain 

E K L ||i<Ci|supp U ||A|. (6.16) 

\i-j\>48 u 



Combining (6.14), (6.15) and (6.16) wc obtain 

E{trP L (A)} < Q (dist(A,S ))- 2 ||p|| oo eS|A|, 

where the constant Qq depends on A, jl«f,||u||oo and supp u. Taking A = [Eq — 
e, E + e] for small e > and applying Chebyshev's inequality we obtain (6.13). 

□ 



As for the initial length scale estimate (2.8) to start the multiscale analysis, we 
need to verify that for some Lq £ 6N sufficiently large (as specified in |GK2| ). given 

9>0,Eel\(7(%), 

\\T x , Lo R B , u ,x,L ( E )Xx,L /3\\ < Jg} > 1 - JJi, (6-17) 

for a suitable choice of p, where T Xi l = XK L _ 1 (x)\A L ^ 3 (x)- 



To do so we follow the approach |CH] to obtain estimates that we will later state 
as in [GK2]. We need to show that in the annular region between a box of side 
L/3 and L, there exists a closed, connected ribbon where the potential V satisfies 
the condition \V(x) + B n — E\ > a > 0, for E ^ B n with a good probability 
( CH, Eq. 4.2]). To prove this, Combes and Hislop used bond percolation theory, 
defining occupied bonds of the lattice as those bonds where the potential satisfies 
this property. However, in our case there is no need to use percolation theory 
since this fact is assured by the assumption (6.1) on the single-site potential. More 
precisely, we will show that there exist ribbons where the potential is zero almost 
surely. 
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Let us consider the Voronoi diagram associated to D [OBSC . Since = DCiAl 
is a discrete bounded set, we can write A^ = {pi, ...,p n }, n € N. For each site Pi 
we consider its Voronoi cell, defined as 

VW = {xeM 2 : ||a; -p^l < \\x- Pj \\,j^i,l<j<n}, 

i.e., the set of points that are closer to Pi than to any other site in A^. The Voronoi 
diagram associated to A^, denoted by Vor(Ai) is a subdivision of A^ into Voronoi 
cells, 

Vor(l L )= IJ V(pi). 

l<i<n 

The edges and vertices of Vor(Ai) are polygonal connected lines with the prop- 
erty that the minimal and maximal distances from any site pi to an edge or vertex 
are r/4 and R/2y/2, respectively. 

Now, take a covering of Al/3 by a finite collection of Voronoi cells, Va, which 
is a convex polygon. Its perimeter is a polygonal line C that encloses A L / 3 such 
that C n D = 0. Taking L big enough with respect to R we have C C A^_ 3 \ A^/3. 
Moreover, assumption (uc) implies that we can always find a ribbon 1Z associated 
to C, i.e., a set 

K = {x e M 2 : dist(x,C) < ~ - ^}, 
such that V(x) = for all x E TZ (see Fig. [T]) 



K 



Ai-3 



Figure 1. Ribbon TZ in the Voronoi diagram associated to D. 
Points represent the support of the Delone- Anderson potential. 

Then, condition |CH| Eq. (4.2)] holds almost surely, therefore |CH[ Corollary 
4.1] holds almost surely, and this implies (see |CH( Proposition 5.1], |GK2[ Theorem 
4.3]) 

Theorem 6.3. Let E — B n ± 2a for some n = 0, 1, 2... with < 2a < B. There 
exists constants Y n , j3 n > depending only on n, M, u, 6 U such that for any < e < 
a, L 6 6N and Q n as in the previous theorem, 
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\T x . l R b .., x ,l(E)x x .l/3\\ < K„4^""" n{aB ^ } ) > 1 - Q n ^L 2 . (6.18) 



Therefore, to satisfy (6.171 we need only to verify the conditions 



B e -P»rnin{oB,VB} < J_ ) (g ig) 



Y 



o 

Qn^L 2 < ~, (6.20) 
a L Q 

which can be done in the same way as in the proof of |GK2l Theorem 4.1], yielding 
Theorem 16.11 . 

6.3. Dynamical derealization in Landau bands. 



Theorem 6.4. Under the disjoint bands condition (6.6) the random Landau Hamil- 
tonian Hb,x,ui exhibits dynamical derealization in each Landau band B n (B, A), i.e. 
for all n = 1,2, 

'EP d n o~b,\.u) n B n (B, A) 7^ 0. (6.21) 
In particular, there exists at least one energy E n uJ {B,X) 6 B n (B,X) such that 
for every X € C^° + (R) with X = 1 on some open interval J 3 E njJ j(B, X) and 
p > 0, we have 

M B ,\(p, X, T) > C^xT^ 6 , (6.22) 
for allT>0 with C PtX > 0. 

This is a consequence of the quantization of the Hall conductance in each Landau 
band and the fact that in regions of dynamical localization, the Hall conductance is 
constant, as proven in (GKSi Section 3]. We recall the main lines of their strategy. 

Consider the switch function h(t) = X[i oo)W an d let hj denote the multiplica- 
tion by the function h(xj), j = 1,2. The Hall conductance is defined as 

a Hui {B,X,E) = -2m®{P B ,x,u,E) := tr{P B> \ )U> E[[PB,x,u,E, hi], [Pb,x,u,e, hi]]} 

(6.23) 

where P B ,x,u,,B ■= Pb,x.u(( -oo, E ]). 

Following the proof of |GKS1 Lemma 3.2] we see that the Hall conductance 
is constant in connected components of the dynamical localization region, where 



property SUDEC is valid, as consequence of Theorem 2.1 On the other hand, 



it is well known that for A = 0, cfh^B, A, E) = n if E G (B n , B n+ i) for all 



n = 0,1,2,.... Under the disjoint bands condition (6.6|, if E € Q n {B, A*) for A* 
and some n £ {0, 1, 2, ...}, we can find some Xe > A* such that E € G n (B, A) for 
all A e [0, As]. That is, the spectral gaps stay open as A increases. Then we prove 
along the lines of [GKSl Lemma 3.3] that ar H jB,\E) = n if E e G n (B,X), for 
all [0, As]. As the spectral gaps Q n {B, X) are by definition part of the localization 
region, this implies that the Hall conductance has the same value in different gaps, 
which is a contradiction. Therefore, we must have E DD n o-b,\.lo H B n (B, X) ^ for 
every u € O. 
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By Theorems |6.1| and |6.4| we conclude that there exists a dynamical transition 
energy in each Landau band as stated in Theorem |6.4| 

6.4. Almost sure existence of spectrum near band edges. Since we deal with 
a non ergodic random operator, previous results on the nature of the spectrum 
do not hold in this setting. In particular, we cannot use the characterization of 
the spectra as a union of spectra of periodic operators as in [GKS] , We need a 
more constructive approach and thus, to go back to the argument used in |CH| . 
We extend [CHI Theorem 7.1] to a Delone-Anderson potential to make sure that, 
although the spectrum <jb,\,u is random, there exists almost surely some part of 
o~b,\.u in the region were we can prove dynamical localization, that is, in the spectral 
band edges. 

We explicit the dependence on the (r, i?)-Delone D set by writing V® for the 
Delone-Anderson potential and for the corresponding random operator defined 



by (6.4). 



Consider the operator acting on L 2 (R 2 ), = Hb + AV^f where A > and Vj 3 
is defined as in 16.241 Recall that 

K?(a;) = £ a^, (6.24) 

where D is an (r, i?)-Delone set, the random variables uj 1 are i.i.d. with absolute 
continuous probability density \i, supp /i = [-M, M] and u 7 = u{x — 7). Assume 
moreover u € C 2 ,]^!^ = 1, supp u C A r (0) and u(0) = 1. 

Theorem 6.5. Under the disjoint bands conditions, for a random Landau Hamil- 
tonian as stated before and any n — 0, 1, 2, ... there exists a finite positive constant 
B(n) depending on n, M , u, A and K n (X) such that for all B > B(n), the intervals 



^B,n,x,ui in Theorem 6.1 are almost surely non empty. More precisely, we prove 
that there exist finite positive constants C n , B(n) depending on n, M, u such that 
for every B > B{n), we have for all E £ B n , 

<j(H u ) n[E- XCnB- 1 ' 2 , E + XCnB- 1 ' 2 ] ^ (6.25) 

For a set A £ M 2 we denote by A the intersection An D. Recall that we have, 
for an arbitrary box A^(x) of side t£N centered in x: 

C R4 L d < (t(A L ) = ft(D n A L ) < C r4 L d , (6.26) 

where Cra = R~ d and C r<c t = \r~ d ~\ . 

Take a sequence {x n } such that \x n — x m \ > L for every n,m and consider the 
following sets in the probability space fi: 

nf (i„) = {uj : \u 1 - rj\ < e V7 € A L (x n )} 

and 

n * = fl U n e(^n) (6.27) 

N n>N 

where 77 G [—M,M]. By the choice of {x n }, the events VL^(x n ) and fl^(x m ) are 
independent for n 7^ m. 



Since the random variables are i.i.d. and (6.26) holds for every box A^(x n ), we 
obtain 
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P(nf(a Jn ))=p(|w 7 -»/|<e,V7eA i (x n )) =P(K-r?|< e ) S(DnAi(x ' l)) (6.28) 

> P(|w 7 -77I < e ) Cr - dLd (6.29) 

= //([??- e, 77 + e]) c *-" iL ' i (6.30) 

(6.31) 

Therefore 

(nf(:c n )) = 00, (6.32) 

which implies that P (fi^ J = 1, by the Borel-Cantelli lemma. 

Given 5 > 0, take e = 5/(rL) d . We have shown that for cj £ Qq, a set of full 
measure, there exists an infinite sequence {x n } such that for any 77 £ [-M, M], 

|w 7 -T)\< j^jjy for a11 T e A £ (a; n ) (6.33) 

Fix one of these boxes and call it Ao (so Ao depends on u, but this procedure 
can be done for all u) £ fio, the yielding result being uniform in w). 

Without loss of generality, Ao contains 0. Indeed, if ^ Al(^ti) f° r au n i take 
L > R so that Ao 7^ and take 70 G Ao. Consider now the operator 

H D-1 =H B + \ W 1 U 1 ( 6 - 34 ) 

We have that a(H®) = <t(H^~ 10 ), since, taking a translation t 7o : SI x £) — » 
fix (D- 70) defined by r 7o (w 7 , 7) = (w 7 , 7 — 70), that associates the same random 
variable of a point to its translated, we can see is unitarily equivalent to H®~ la . 

Moreover, by what is known for , with full probability there exists a sequence 



{x n } = {x n — 7ol s uch that (6.331 holds. In particular, since the cube Aq is a cube 
that satisfies (6.33) for H£, then the cube A 7o = A — 70 satisfies (6.33) for H^~ 10 . 



Define 

V 10 (x) =T] ^2 u i- ( 6 - 35 ) 

Since 70 £ A = A D D we have that £ A 7o = (A — 70) l~l (D — j ). Moreover, 
the assumptions on u, namely that u(0) = 1 and the supports of w 7 do not overlap, 
imply that Vy (0) = 77. Therefore, without loss of generality we can assume Aq is 



centered in and so we work from now on with , V® and Vq as in (6.35) with 
7o = 0. 

Remark 6.1. The assumption u(0) = 1 is so we can later perform a Taylor expansion 
around 0. 

Proof of Theorem ??. From now on L is fixed. For the sake of completeness, we 
will reproduce the details of |CH1 Appendix 2] with the corresponding adaptations 
and work in the 0-th Landau band. Let IIo be the Landau projection in the 
0-th Landau band, around the Landau level B . Take the normalized function 
0o <= n (H), defined by 
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2B X 1/2 



7T 



&(*)=( — ) (6.36) 



Let £? e [Bq - AM, B + AM], that is, E = B + Xrj for some 77 e [-M, M]. The 
case 77 = is trivial by the previous Borel-Cantelli argument, as {B n } n >o C a(H u ) 
almost surely. Since the argument is analog for rj < 0, in the following we consider 
only 77 e (0, M], and write 



|| - £) O || = II (H5 -B q - At?) o || (6.37) 

< ||n (AKf - A77)0o|| + A||(l - Uo)V^M (6-38) 

For simplicity we write V u instead of V® ■ The deterministic result |CH( Lemma 
A.l ] implies that 

A|| (1 - n )V^ || < AdB- 1 / 2 , (6.39) 

where C\ is a constant depending only on the single-site potential u. We are left 
with 



IIIIoCAK.-Ar^oll <M\(J2 

w 7 u 7 + u~,u y - r))4> \\ (6.40) 

<A||(^ w T u 7 -J7)0o||+A|| 2 w 7 u 7 o || (6.41) 

<A||(^ w 7 u 7 - 7^)0011+ AM 2 || u 7 ^o|| (6.42) 

76A0 7SD\A 

Recall that 

{7£fl: 7 G D\ A } C {7 G L> : | 7 | > r}. (6.43) 



The second term in (6.421 can be estimated as in CH, Eq. 7.6], where it is 
shown that 



ll^oH 2 = / Mx)Mx - Jfdx < WuWle- 2 ^^ (6.44) 
Jr 2 

which is summable for 7 such that I7I > r, yielding that for all B > B*, for a 
constant big enough, 

AM IK^oll < XC 2 B- 1/2 (6.45) 

7 G-D\A 



where the constant is uniform in B. 

As for the first term in (6.42 1, recalling the definition of Vq from (6.35 1, we write 
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aik w 7 u 7 - V)M =M\(J2 -V + V - v)M (6.46) 

<A||( - n J2 U M\ + X \\{V - V)M (6-47) 

<A|| J] - r))u 7 4> \\ + X\\(V - r,)M (6-48) 

-yeA 

By the choice of Ao the first term in |6.48| is 

A|| (w 7 - ri)u y (j)a\\ < X5 (6.49) 
76A 



As for the second term in |6.48| 

\\(v -v)M 2 = 



\V {x)- V \ 2 e- 2B ^ 



dx 



dx 



Now, since Vq(0) = rj, we have 

\V (B-^ 2 x) - v \ = \V a (B-^ 2 x) - Vb(0)| 



(6.50) 
(6.51) 

(6.52) 



and we can perform a Taylor expansion around for Vo, obtaining, since supp Vq C 
Ao 

\V (B^/ 2 x) - Vo(0)| < S- 1/2 ||x||||Vy ||ao < B~ 1/a i||VVb||oo (6-53) 
Notice that ||VVol|oo < C31 for a constant C3 depending only on u, uniformly 
with respect to rj € [0, M]. Replacing this in the integral we obtain 



irB ) 



2 II. Til 



\\(v -v)M\ 2 

So we obtain once more 

M\(yo-v)M < xc b B- 1 ' 2 



dx 



(6.54) 



(6.55) 



Finally, adding the estimates (6.391,(6.451,(6.49) and (6.551 yields that for all 
B > B*, 

WHS-iBo+XrfiWKXdB-W + S (6.56) 
where the bound is uniform in B, uj £ Qq and in rj £ [0, M]. The same result holds 
in any Landau band for all B large enough. Therefore, with probability one and 
for any E — B n + A 77, we have 

(t{H°) D[E- XC 5 B-^ 2 -6,E+ XC 5 B-^ 2 + S] + (6.57) 

Since S > is arbitrary, 

<t(H°) f)[E- XC 5 B~ 1/2 , E + XC 5 B- 1/2 } ^ 0, (6.58) 
for every E g [B n , B n + AM] . This proves that any gap in the spectrum of in 
the Landau band cannot exceed a length of order B^ 1 / 2 . □ 
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In particular, since we know by perturbation theory that a(H®) C \B n — 
AM, B„ + AM], we have that for E — B n + AM, that is, in the edge of the Landau 
band, 

a(H°) n [B n + AM - AC* 5 B~ 1/2 , B n + AM] ^ (6.59) 



On the other hand, by Theorem 6.1 we know the localization region is at a 
distance K n (X) lj ^ fr om the Landau level B n . If A is fixed and B is such that 

K n {X)^-<\M-^ (6.60) 



then the region of the spectrum that is almost surely near the band edge, that is 
above B n + AM — \C n B~ x l 2 , lies in t he lo calization region, that is above B n + 



lf„(A)^. So we have shown Theorem 6.5 that is, for every n = 0, 1, 2, . 



Ss,n,A,^ ^ for a.e. u e n (6.61) 
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